Generalizations of (∈, ∈ ∨ q)-fuzzy filter of R 0 -algebras is discussed in the paper
Introduction
In [9] , Wang introduced the notion of R 0 -algebras in order to provide an algebraic proof of the completeness theorem of a formal deductive system [10] . We note that R 0 -algebras are different from BL-algebras because the identity x ∧ y = x (x → y) holds in BL-algebras, but does not hold in R 0 -algebras. Although they are different in essence, they have some similarities, that is, they all have implication operator → . Therefore it is meaningful to generalize some aspects of BL-algebras to R 0 -algebras. Jun and Liu [3] studied filters of R 0 -algebras. Liu and Li [5] discussed the fuzzy set theory of filters in R 0 -algebras. As a generalization of the notion of fuzzy filters, Ma et al. [6] dealt with the notion of (∈, ∈ ∨ q )-fuzzy filters in R 0 -algebras. Jun et al. [4] tried to get more general form of the notion of (∈, ∈ ∨ q )-fuzzy filters. They introduced the notion of (∈, ∈ ∨ q k )-fuzzy filters, and investigated related properties. They also established characterizations of an (∈, ∈ ∨ q k )-fuzzy filter. Han et al. [1] considered the fuzzy set theory of fated filters in R 0 -algebras. They introduced the notion of (∈, ∈ ∨ q )-fuzzy fated filters, and investigated several properties. Jun et al. [2] considered a generalization of the notion of (∈, ∈ ∨ q )-fuzzy fated filters.
In this paper, I investigate further properties of (∈, ∈ ∨ q k )-fuzzy filters in R 0 -algebras. Using a class of filters, I construct an (∈, ∈ ∨ q k )-fuzzy filter. Based on the generalized fuzzy points, I discuss the implication-based fuzzy fated filters.
Preliminaries
Let L be a bounded distributive lattice with order-reversing involution ¬ and a binary operation → . Then (L, ∧, ∨, ¬, →) is called an R 0 -algebra (see [9] ) if it satisfies the following axioms:
Let L be an R 0 -algebra. For any x, y ∈ L, we define x y = ¬(x → ¬y) and x ⊕ y = ¬x → y. It is proved that and ⊕ are commutative, associative and x ⊕ y = ¬(¬x ¬y), and (L, ∧, ∨, , →, 0, 1) is a residuated lattice.
For any elements x, y and z of an R 0 -algebra L, we have the following properties (see [7] ).
A non-empty subset A of an R 0 -algebra L is called a filter of L if it satisfies the following two conditions:
It can be easily verified that a non-empty subset A of an R 0 -algebra L is a filter of L if and only if it satisfies the following conditions:
Theorem 2.2. A fuzzy subset µ of an R 0 -algebra L is a fuzzy filter of L if and only if it satisfies:
For any fuzzy subset µ of L and t ∈ (0, 1], the set U (µ; t) = {x ∈ L | µ(x) ≥ t} is called a level subset of L. It is well known that a fuzzy subset µ of L is a fuzzy filter of L if and only if the non-empty level subset U (µ; t), t ∈ (0, 1], of µ is a filter of L.
said to be a fuzzy point with support x and value t and is denoted by x t . For a fuzzy point x t and a fuzzy subset µ of L, Pu and Liu [8] introduced the symbol x t α µ, where α ∈ {∈, q, ∈ ∨ q }. We say that
In what follows, L is an R 0 -algebra and k denotes an arbitrary element of [0, 1) unless otherwise specified. To say that x t q k µ, we mean µ(x) + t + k > 1. To say that x t ∈ ∨ q k µ, we mean x t ∈ µ or x t q k µ.
Lemma 3.2 ([4]).
A fuzzy subset µ of L is an (∈, ∈ ∨ q k )-fuzzy filter of L if and only if it satisfies:
there exists an (∈, ∈ ∨ q k )-fuzzy filter µ of L whose level filters are precisely the members of the chain with U (µ;
Using Lemma 3.2, we know that µ is an (∈, ∈ ∨ q k )-fuzzy filter of L. It follows from the construction of µ that U (µ;
there exists an (∈, ∈ ∨ q )-fuzzy filter µ of L whose level filters are precisely the members of the chain with U (µ; 0.5) = F 0 .
Using a class of filters, we make an (∈, ∈ ∨ q k )-fuzzy filter of L.
, be a collection of filters of L such that
Proof. According to Lemma 3.2, it is sufficient to show that U (µ; t) = ∅ is a filter of L for all t ∈ (0,
]. We consider two cases:
i.e., x ∈ U (µ; t). This proves s≥t F s ⊂ U (µ; t). To prove the reverse inclusion,
exists ε > 0 such that (t − ε, t) ∩ Λ = ∅. Hence x / ∈ F s for all s > t − ε, which means that if x ∈ F s then s ≤ t − ε. Thus µ(x) ≤ t − ε < t, and so x / ∈ U (µ; t). Therefore U (µ; t) = s≥t F s which is also a filter of L. Consequently, µ is an (∈,
For any fuzzy subset µ of L and any t ∈ (0, 1], we consider four subsets (see [4] ):
Lemma 3.7 ([4]
). For any fuzzy subset µ of L, the following are equivalent:
Two fuzzy subsets are said to be equivalent if they have same family of level subsets. Otherwise, they are said to be non-equivalent.
} ≥ 2, then there exist two proper non-equivalent (∈, ∈ ∨ q k )-fuzzy filters of L such that µ can be expressed as the union of them.
k tr = L. Let ν and γ be fuzzy subsets of L defined by
, respectively, where t 3 < k < t 2 . Then ν and γ are (∈, ∈ ∨ q k )-fuzzy filters of L, and ν, γ ≤ µ. The chains of (∈ ∨ q k )-level filters of ν and γ are, respectively, given by [µ]
k tr . Therefore ν and γ are non-equivalent and clearly µ = ν ∪ γ. This completes the proof.
Implication-based fuzzy fated filters based on generalized fuzzy points
In [3] , the notion of a fated filter of L is introduced as follows. A non-empty subset A of L is called a fated filter of L (see [3] ) if it satisfies (b1) and
(4.1)
Lemma 4.1 ([1]).
A fuzzy subset µ of L is a fated filter of L if and only if it satisfies the following conditions:
Definition 4.2 ([2])
. A fuzzy subset µ of L is said to be an (∈, ∈ ∨ q k )-fuzzy fated filter of L if it satisfies:
for all x, a, y ∈ L and t, s ∈ (0, 1].
Lemma 4.3 ([2]).
A fuzzy subset µ of L is an (∈, ∈ ∨ q k )-fuzzy fated filter of L if and only if it satisfies the following conditions:
Fuzzy logic is an extension of set theoretic multivalued logic in which the truth values are linguistic variables or terms of the linguistic variable truth. Some operators, for example ∧, ∨, ¬, → in fuzzy logic are also defined by using truth tables and the extension principle can be applied to derive definitions of the operators. In fuzzy logic, the truth value of fuzzy proposition Φ is denoted by [Φ] . For a universe U of discourse, we display the fuzzy logical and corresponding set-theoretical notations used in this paper The truth valuation rules given in (4.4) are those in the Lukasiewicz system of continuous-valued logic. Of course, various implication operators have been defined. We show only a selection of them in the following.
(a) Gaines-Rescher implication operator (I GR ):
(c) The contraposition of Gödel implication operator (I cG ):
Ying [11] introduced the concept of fuzzifying topology. Han et al. [1] expanded Ying's idea to R 0 -algebras, and defined a fuzzifying fated filter and a t-implication-based fuzzy fated filter as follows. (1) for all x ∈ L, we have
(4.7)
(2) for all x, a, y ∈ L, we get
Obviously, conditions (4.7) and (4.8) are equivalent to Lemma 4.1(a) and Lemma 4.1(b), respectively. Therefore a fuzzifying fated filter is an ordinary fuzzy fated filter.
In [12] , the concept of t-tautology is introduced, i.e., (1) for all x ∈ L, we have
Let I be an implication operator. Clearly, µ is a t-implication-based fuzzy fated filter of L if and only if it satisfies: -implication-based fuzzy fated filter of L if and only if µ satisfies the following conditions:
for all x, a, y ∈ L.
Proof.
(1) Straightforward.
(2) Assume that µ is a
, and so µ(1) ≥ min µ(x),
for all x ∈ L. The second case implies that µ(x) ≥ min {µ(a),
for all x, a, y ∈ L. Using Lemma 4.3, we know that µ is an (∈, ∈ ∨ q k )-fuzzy fated filter of L.
Conversely, suppose that µ is an (∈, ∈ ∨ q k )-fuzzy fated filter of L. Using Lemma 4.3(1), we know that if min{µ(x),
and thus
Consequently, µ is a If max µ(1),
which implies that . It follows that max µ(1), 1−k 2 ≥ µ(x) = min{µ(x), 1}. From (iv), we have I cG (min{µ(a), µ(a → ((x → y) → x))}, µ(x)) = 1, i.e., min{µ(a), µ(a → ((x → y) → x))} ≤ µ(x), or 1 − min{µ(a), µ(a → ((x → y) → x))} ≥ 1−k 2
. Hence max µ(x),
1−k 2
≥ min{µ(a), µ(a → ((x → y) → x))} = min{µ(a), µ(a → ((x → y) → x)), 1} for all x, a, y ∈ L. This completes the proof.
If we take k = 0 in Theorem 4.6, then we have the following corollary. 
